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In the context of the braneworld inflation driven by a bulk scalar field, we study the energy
dissipation from the bulk scalar field into the matter on the brane in order to understand the
reheating after inflation. Deriving the late-time behavior of the bulk field with dissipation by using
the Green’s function method, we give a rigorous justification of the statement that the standard
reheating process is reproduced in this bulk inflaton model as long as the Hubble parameter on
the brane and the mass of the bulk scalar field are much smaller than the 5-dimensional inverse
curvature scale. Our result supports the idea that the brane inflation model caused by a bulk scalar
field is expected to be a viable alternative scenario of the early universe.
I. INTRODUCTION
The braneworld scenario has opened up a new per-
spective on higher dimensional theory [1]. In particular,
a model proposed by Randall and Sundrum (RS2) [2] has
ignited active research on braneworld cosmology because
of its attractive features [3–6].
An alternative scenario of the inflationary universe in
the context of the RS2 model was proposed by Himemoto
and Sasaki [7]. In this scenario, inspired by higher dimen-
sional gravitational theory including a dilatonic scalar
field or higher curvature terms, a 5-dimensional Einstein-
scalar system was studied. Considering a minimally cou-
pled massive scalar field φ for a 5-dimensional scalar field
as a toy model, a solution of the field equation in the anti-
de Sitter background with an inflating brane was found
under the assumption of a separable form of solution. It
was shown that a 5-dimensional scalar field, which we call
a bulk scalar field, can realize slow-roll inflation as long as
|m2|/H2 ≪ 1 is satisfied. Here, |m2| is the mass squared
of the bulk scalar field and H is the Hubble parameter
on the brane.
As a next step, in order to show the generality of
this inflation model, we investigated the dynamics of a
bulk scalar field without assuming a separable form of
solution, focusing on the cases with |m2|ℓ2 ≪ 1 and
H2ℓ2 ≪ 1. There, by analyzing the Green’s function
for the bulk scalar field, the late-time behavior of the
bulk scalar field was clarified, and it was shown that the
bulk scalar field effectively behaves as a 4-dimensional
scalar field Φ with mass meff = m/
√
2 during both the
slow-rolling phase |m2|/H2 ≪ 1 and the rapidly oscillat-
ing phase |m2|/H2 ≫ 1, irrespective of the initial field
configuration [8]. Moreover, the lowest order back reac-
tion to the geometry starting with the second order in
the amplitude of φ was found to be consistently repre-
sented by a 4-dimensional effective theory with the same
4-dimensional scalar field Φ mentioned above. The over-
all normalization of Φ is related to φ by a simple scal-
ing Φ =
√
ℓφ, where ℓ is the curvature radius of AdS5.
We showed that a bulk scalar field in the braneworld
can mimic 4-dimensional inflaton dynamics, at least as
long as the Hubble parameter and the mass of the bulk
scalar field are sufficiently small compared with ℓ−1. We
also studied the quantum fluctuations in this inflation
model in order to see whether this model is observation-
ally acceptable or not. Then it was shown that the cor-
rection due to the 5-dimensional nature of the inflaton
field is small, as long as H2ℓ2 ≪ 1 and |m2|ℓ2 ≪ 1 [9].
Kobayashi, Koyama, and Soda also considered the quan-
tum fluctuations of a massless bulk scalar field in the
context of this inflation model and obtained a consistent
result [10].
In [11,12], assuming the dominance of a single oscilla-
tion mode, it was shown that braneworld reheating also
mimics the 4-dimensional standard process. In this short
paper, in order to give a rigorous justification of the result
obtained in [11,12], we investigate the late-time behavior
of the evolution of a bulk scalar field with arbitrary, reg-
ular initial data using the Green’s function method. We
find that the argument of the correspondence between
the 5-dimensional and 4-dimensional systems mentioned
in the previous paragraph can be extended to include the
reheating process.
———————————–
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The organization of this paper is as follows. In Sec. II,
we review the basic picture of the reheating scenario af-
ter braneworld inflation driven by a bulk scalar field as
proposed in [11]. In Sec. III, we consider the late-time
behavior of the bulk scalar field on the brane by using
the properties of the retarded Green’s function. Then we
explain how to construct the Green’s function for a scalar
field with dissipation. Subsequently, we discuss an effec-
tive description of the dynamics from the 4-dimensional
point of view and show that the conventional reheating
process is effectively reproduced in the braneworld. Sec-
tion IV is devoted to a summary and discussion.
II. MODEL OF REHEATING AFTER
BRANEWORLD INFLATION
We briefly review the model for the reheating pro-
cess after braneworld inflation driven by a bulk scalar
field discussed in Ref. [11]. We consider a 5-dimensional
Einstein-scalar system in a braneworld scenario of the
RS2 type. The bulk geometry satisfies the 5-dimensional
Einstein equations
Rab − 1
2
gabR+ Λ5gab = κ
2
5 [Tab + Sabδ(r − r0)] , (2.1)
where r is the coordinate normal to the brane, and the
brane is assumed to be located at r = r0 at the fixed point
of Z2 symmetry. Sab represents the energy-momentum
tensor composed of the brane tension σ and the contri-
bution of matter fields confined on the brane τab:
Sab = −σqab + τab , (2.2)
where qab is the induced metric on the brane. Tab is
the energy-momentum tensor of the bulk scalar field.
For simplicity, we assume a minimally coupled massive
scalar field with an interaction on the brane. We set
Λ5 = −κ45σ2/6 so as to recover the Randall-Sundrum
flat braneworld when Tab and τab vanish.
In order to represent the energy dissipation from the
bulk scalar field φ to the matter fields on the brane, the
equation for φ is modified to
(✷5 −m2)φ = Γd ℓ δ (r − r0) φ˙ , (2.3)
where ℓ = 6/(κ25σ) is the AdS5 curvature radius, and
m is the mass of the bulk scalar field. An overdot in-
dicates differentiation with respect to the cosmological
proper time. Γd represents the decay constant. Integrat-
ing Eq. (2.3) together with Z2 symmetry, we obtain the
boundary condition
∂rφ|r=r0 =
Γdℓ
2
φ˙(t, r0). (2.4)
In the analyses below, we neglect the terms quadratic in
Γd. Here, we do not consider the energy release to the
bulk space, although such a dissipation process in the
bulk may be worthy of investigation.
III. BULK SCALAR DYNAMICS WITH
DISSIPATION
We consider solutions of Eq. (2.3) under the conditions
mℓ ,Hℓ , and Γdℓ≪ 1 , (3.1)
where m and H are, respectively, the mass of the bulk
scalar field and the expansion rate of the 4-dimensional
metric induced on the brane. Then we investigate the
late-time behavior of solutions by extending the Green’s
function method used in Ref. [8].
A. Initial value problem
We consider the field equation
LX Ψ(X) ≡
[−∂2t + ∂2y −W (y)− U(y)∂t]Ψ(X) = 0 ,
(3.2)
where X denotes {t, y}. We assume that W (y) and U(y)
are functions whose asymptotic value at |y| → ∞ is sup-
posed to be a constant. We solve this field equation by
imposing Z2 symmetry at y = 0.
Let us consider the retarded Green’s function that sat-
isfies
LXG(X,X ′) = −δ(t− t′)δ(y − y′), (3.3)
with the causal condition that G(X,X ′) = 0 for X ′ not
in the causal past of X . Note that this Green’s func-
tion satisfies reciprocity for the time reversal operation
t → −t, namely, G(t, y, t′, y′) = G(−t′, y′,−t, y). Using
this reciprocity, the evolution of Ψ for any given initial
data can be described as
Ψ =
∫
t′=ti
[
G(X,X ′)
∂Ψ(X ′)
∂t′
− ∂G(X,X
′)
∂t′
Ψ(X ′)
+U(y′)G(X,X ′)Ψ(X ′)
]
dy′, (3.4)
where ti is the initial time. This representation of Ψ
implies that the asymptotic behavior of Ψ can be under-
stood by the late-time behavior of G(X,X ′).
Let us now construct the Green’s function that sat-
isfies Eq. (3.3). Because of time translation invariance,
we can express the Green’s function in terms of Fourier
transformation as
G(X,X ′) =
1
2π
∫
C
dpGp(y, y
′)e−ip(t−t
′) , (3.5)
where we choose the path C so that the retarded condi-
tion is satisfied; namely, C runs from p = −∞ to p = +∞
2
on the complex plane for the integrand Gp to contain nei-
ther pole nor the branch cut above C.
The equation for Gp follows from Eqs. (3.3) and (3.5)
as
L(p)y Gp(y, y′)
≡ [∂2y + p2 −W (y) + ipU(y)]Gp(y, y′)
= −δ(y − y′). (3.6)
The homogeneous equation L(p)y u(y) = 0 has two inde-
pendent solutions which respectively behave asymptoti-
cally as u
(out)
p (y) ∼ eik|y| and u(in)p (y) ∼ e−ik|y| at |y| →
∞, where we defined k2 = lim
|y|→∞
p2−W (y)+ ipU(y). We
can describe the solution satisfying the condition of Z2
symmetry as a linear combination of these two indepen-
dent solutions, u
(Z2)
p (y) = u
(out)
p (y) − γpu(in)p (y) , where
γp is determined by the Z2 symmetry condition
D[u(Z2)p (y)] ≡ [∂y − Wˆ + ipUˆ ]u(Z2)p (y)|y=0+ = 0 , (3.7)
where Wˆ and Uˆ are the coefficients in front of δ(y) con-
tained in W (y)/2 and U(y)/2, respectively. With these
mode functions, we can express Gp(y, y
′) satisfying the
boundary condition at infinity and on the brane as
Gp(y, y
′) =
1
−2ipγp
[
u(out)p (y)u
(Z2)
p (y
′)θ(|y| − |y′|)
+u(Z2)p (y)u
(out)
p (y
′)θ(|y′| − |y|)
]
(3.8)
with γp = D[u(out)p (y)]/D[u(in)p (y)].
The late-time behavior of Ψ is understood by inves-
tigating the structure of singularities such as poles and
branch cuts in Gp(y, y
′). The singularity on the com-
plex p plane with the largest imaginary part dominates
the late-time behavior. In particular, poles exist at the
values of p for which
D[u(out)p (y)] = 0 (3.9)
holds.
B. Application to braneworld
Using the formulas developed in the previous sec-
tion, we consider the evolution of a massive bulk scalar
field with dissipation, which well approximates the sit-
uation where φ oscillates at the bottom of the poten-
tial. We assume that the background spacetime is 5-
dimensional anti-de Sitter space with a boundary de Sit-
ter brane given by ds2 = dr2 + {Hℓ sinh(r/ℓ)}2(−dt2 +
H−2e2Htdx2(3)) [4]. In order to use the formulas pre-
sented in the preceding subsection, we introduce the
conformal coordinates {τ, y} defined by τ ≡ Ht and
R(y) ≡ ℓ sinh−1(|y|+ y0) = ℓ sinh(r/ℓ), where y0 is spec-
ified by sinh(y0) = sinh
−1(r0/ℓ) = Hℓ. Then the metric
becomes
ds2 = R(y)2
(
dy2 − dτ2 + e2τ dx2(3)
)
. (3.10)
Setting φ = R−3/2e−3τ/2Ψ(y, τ), Eq. (2.3) reduces to
Eq. (3.2) with
W (y) =
15 + 4m2ℓ2
4 sinh2(|y|+ y0)
−
(
3
√
1 +H2ℓ2
Hℓ
+
3
2
Γdℓ
)
δ(y), (3.11)
U(y) = Γdℓ δ (y) . (3.12)
We note that both W (y) and U(y) vanish for |y| → ∞,
and hence the conditions that they asymptotically be-
come constant are satisfied. Although U(y) is localized
on the brane in the present model, dissipation in the bulk
can also be discussed by using the same technique as long
as U(y) satisfies this property.
The mode solution satisfying the outgoing asymptotic
behavior is
u(out)p (y) = Γ(1− ip)P ipν−1/2[coth(|y|+ y0)] , (3.13)
where ν =
√
m2ℓ2 + 4 [13]. In the present case, the op-
erator defined in Eq.(3.7) reduces to
D = ∂y + 3
2
√
1 +H2ℓ2
Hℓ
+
(
ip+
3
2
)
Γdℓ
2
. (3.14)
Then, from Eqs. (3.9) and (3.13) under the condition
(3.1), we obtain the location of the poles with the largest
imaginary parts in the complex p plane as
p± ≈ 1
H
[
−iΓd
2
±
√
m2eff −
(3H + Γd)2
4
]
, (3.15)
where
m2eff =
m2
2
. (3.16)
Here the terms neglected are quadratic or higher order in
ℓ. In addition to two poles, there is an infinite sequence
of poles. However, they do not give a dominant contri-
bution to the late-time behavior since they have smaller
imaginary parts. (See Ref. [8].) Therefore the asymp-
totic behavior of the field φ is dominated by the poles
p±, and hence we have
φ ∝ e− 32 τG(X,X ′) ∝ e−( 32+ip±)Ht. (3.17)
3
C. Effective 4-dimensional description
In the preceding section, we confirmed that the late-
time behavior of a bulk scalar field on the brane can
be effectively described by a 4-dimensional scalar field Φ
which satisfies
Φ¨ + (3H + Γd)Φ˙ +m
2
effΦ = 0. (3.18)
Our main interest here is to compare the law of cosmic
expansion on the brane to that expected in the usual
4-dimensional model with the scalar field Φ. First we
present a rather general framework to discuss the cos-
mic expansion of a homogeneous universe realized on the
brane without specifying the explicit form of the energy-
momentum tensor in the bulk.
We introduce a unit vector in the time direction ua
parallel to the brane. Toward the outside of the brane
ua is extended so as to satisfy ua;bn
b = 0, where nb is the
outgoing unit normal vector of the brane. Then, consid-
ering integration of the 5-dimensional conservation law
0 =
∫ √−g d5x [Sabδ(r − r0) + Tab];bua (3.19)
for a thin region surrounding the brane, we obtain
ρ˙+ 4Hρ+Hτµµ = 2Tabu
anb , (3.20)
where ρ := uµuντµν , and latin indices run over 4-
dimensional coordinates on the brane.
The conservation law for the matter field localized on
the brane τµν ;ν = 0 is violated because there is energy
transfer between the brane and bulk fields. However,
from the Bianchi identity the 4-dimensional conserva-
tion law is guaranteed to be preserved in total. The
4-dimensional effective Einstein equation is derived from
Eq.(2.1) as [3]
(4)Gµν = κ
2
4(τµν + τ
(π)
µν + τ
(s)
µν + τ
(E)
µν ), (3.21)
where κ24 = κ
2
5/ℓ and
τ (π)µν = −
κ25ℓ
24
[
6τµατ
α
ν − 2ττµν − qµν(3ταβταβ − τ2)
]
,
τ (s)µν =
2ℓ
3
[
Tabq
a
µq
b
ν + qµν
(
Tabn
anb − 1
4
T aa
)]
,
τ (E)µν = −
ℓ
κ25
(5)Crbrd q
b
µ q
d
ν . (3.22)
Here (5)Crbrd is the 5-dimensional Weyl tensor with its
two indices projected in the normal direction. Then we
have
τ (tot)µν |ν = 0 (3.23)
with
τ (tot)µν := τµν + τ
(π)
µν + τ
(s)
µν + τ
(E)
µν . (3.24)
Here the vertical bar represents covariant differentiation
with respect to the 4-dimensional induced metric qµν . In
a homogeneous universe, the temporal component of the
conservation law reduces to
ρ˙(tot) + 4Hρ(tot) +Hτ (tot)µµ = 0, (3.25)
where ρ(tot) := uµuντ
(tot)
µν . Similarly, we define the en-
ergy density for each component by ρ(i) := uµuντ
(i)
µν .
Then, using the facts that ρ(π) = ρ2/2σ, τ (π)µµ =
(ρ/σ)(τµµ + 2ρ) [3], and τ
(s)µ
µ = 2ℓTabn
anb, we find
that the effective energy density of the bulk field ρeff :=
ρ(E) + ρ(s) satisfies
ρ˙eff + 4Hρeff = −2
(
1 +
ρ
σ
)
Tabu
anb − 2HℓTabnanb.
(3.26)
Now let us return to our specific model, in which the
bulk energy-momentum tensor is given by
Tab = φ,aφ,b − gab
(
1
2
gcdφ,cφ,d +
1
2
m2φ2
)
. (3.27)
Then we find
Tabu
anb =
Γdℓ
2
φ˙2,
Tabn
anb =
1
2
φ˙2 − 1
2
m2φ2, (3.28)
where the terms quadratic in Γdℓ were neglected. If we
set the identification [8]
Φ =
√
ℓ φ , (3.29)
from Eqs. (3.20) and (3.26), we obtain the formulas for
the cosmic expansion valid in the low energy regime (3.1)
as
H2 =
κ24
3
(ρeff + ρ) ,
ρ˙eff + 4Hρeff = −H
(
Φ˙2 − 4Veff
)
− ΓdΦ˙2,
ρ˙+ 4Hρ+Hτµµ = ΓdΦ˙
2, (3.30)
where Veff(Φ) =
1
2m
2
effΦ
2 = (ℓ/4)m2φ2. This set of equa-
tions is the same as that satisfied by a 4-dimensional
model having a scalar field Φ with mass squared m2eff =
m2/2 and decay width Γd/2. To conclude, provided that
the conditions (3.1) are satisfied, the effective dynamics
of the Einstein-scalar system on the brane is indistin-
guishable from a 4-dimensional theory even if we con-
sider energy dissipation from the bulk scalar field to the
matter fields on the brane.
4
IV. SUMMARY AND DISCUSSION
We have investigated the late-time behavior of a bulk
scalar field with dissipation to the matter fields on the
brane. We have shown that a bulk scalar field observed
on the brane effectively behaves as a 4-dimensional scalar
field. Furthermore, we have shown that the set of equa-
tions to determine the cosmic expansion is also indis-
tinguishable from that of the corresponding standard 4-
dimensional model. This result reinforces the specula-
tion previously presented in Refs. [11,12]. Alhough we
have analyzed perturbatively only the dynamics of a bulk
scalar field on a fixed 5-dimensional anti-de Sitter back-
ground with a boundary de Sitter brane, our result sug-
gests that 4-dimensional inflaton dynamics including the
reheating era is effectively reproduced by the dynamics
of a 5-dimensional scalar field. Thus the brane inflation
model caused by a bulk scalar field is expected to be a
viable alternative scenario of the early universe.
Genuine braneworld effects that can be used to test the
scenario are, however, in the deviations from the stan-
dard model. Our analysis shows that the corrections are
suppressed by a factor H2ℓ2 or |m2|ℓ2. We did not go
into detail about this correction in this paper. Here we
just mention that we have to consider the dynamics of
a bulk scalar field with a general Friedmann-Robertson-
Walker(FRW) brane boundary when we discuss correc-
tions of this order, because the expected suppression of
the correction due to the variation of the expansion rate
is of the same order: H˙ℓ2 ∼ H2ℓ2.
Another regime where H2ℓ2 ≫ 1 and |m2|ℓ2 ≫ 1 in
this bulk inflaton model is also interesting. Even in this
regime, slow-roll inflation seems to be realized on the
brane as long as |m2|/H2 ≪ 1 is satisfied [7], although
many unsolved issues remain there.
Last we should mention dissipation in the bulk. When
we consider a specific well-motivated model, the bulk in-
flaton field may naturally have interaction with the other
fields in the bulk. Once a model is specified, we would
be able to estimate the strength of the coupling. Thus,
investigating dissipation in the bulk might give an impor-
tant constraint on the construction of a realistic model.
The formulas developed in this paper might also be use-
ful for this purpose. Investigations in this direction are
in progress.
ACKNOWLEDGMENTS
We are grateful to M.Sasaki and J.Yokoyama for use-
ful communications. T.T. would like to thank L. Sorbo
and D. Langlois for useful discussions during his stay at
IAP. To complete this work, the discussion during the
YITP workshop YITP-W-01-15 on “Braneworld - Dy-
namics of spacetime boundary” was useful. This work
was supported in part by the Monbukagakusho Grant-
in-Aid No. 14740165(T.T.).
[1] P. Horava and E. Witten, Nucl. Phys. B 460, 506
(1996) [hep-th/9510209]; P. Horava and E. Witten, Nucl.
Phys. B 475, 94 (1996) [hep-th/9603142]; N. Arkani-
Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429,
263 (1998) [hep-ph/9803315]; I. Antoniadis, N. Arkani-
Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B
436, 257 (1998) [hep-ph/9804398]; L. Randall and
R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [hep-
ph/9905221].
[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690
(1999) [hep-th/9906064].
[3] T. Shiromizu, K. Maeda and M. Sasaki, Phys. Rev. D
62, 024012 (2000) [gr-qc/9910076].
[4] J. Garriga and M. Sasaki, D 62, 043523 (2000) [hep-
th/9912118].
[5] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778
(2000) [hep-th/9911055]; S.B. Giddings, E. Katz and
L. Randall, JHEP 0003, 023 (2000) [hep-th/0002091].
[6] S. Mukohyama, Phys. Lett. B 473, 241 (2000) [hep-
th/9911165]; D. Ida, JHEP 0009, 014 (2000) [gr-
qc/9912002]; H. Stoica, S. H. Tye and I. Wasserman,
Phys. Lett. B 482, 205 (2000) [hep-th/0004126]; H. Ko-
dama, A. Ishibashi and O. Seto, Phys. Rev. D 62,
064022 (2000) [hep-th/0004160]; P. Binetruy, C. Def-
fayet, U. Ellwanger and D. Langlois, Phys. Lett. B
477, 285 (2000) [hep-th/9910219]; H. A. Bridgman,
K. A. Malik and D. Wands, [astro-ph/0107245]; D. Lan-
glois and M. Rodriguez-Martinez, Phys. Rev. D 64,
123507 (2001) [hep-th/0106245]; K. Koyama and J. Soda,
S. Mukohyama, Phys. Lett. B 473, 241 (2000) [hep-
th/9911165]. Phys. Rev. D 62, 123502 (2000) [hep-
th/0005239]; K. Koyama and J. Soda, Phys. Rev. D
65, 023514 (2002) [hep-th/0108003]; E. E. Flanagan,
S. H. Tye and I. Wasserman, Phys. Lett. B 522, 155
(2001) [hep-th/0110070]; R. Maartens, Phys. Rev. D
62, 084023 (2000) [hep-th/0004166]; C. Gordon and
R. Maartens, Phys. Rev. D 63, 044022 (2001) [hep-
th/0009010]; D. Langlois, R. Maartens, M. Sasaki and
D. Wands, Phys. Rev. D 63, 084009 (2001) [hep-
th/0012044].
[7] Y. Himemoto and M. Sasaki, Phys. Rev. D 63, 044015
(2001) [gr-qc/0010035].
[8] Y. Himemoto, T. Tanaka and M. Sasaki, Phys. Rev. D
65, 104020 (2002) [gr-qc/0112027].
[9] N. Sago, Y. Himemoto and M. Sasaki, Phys. Rev. D 65,
024014 (2002) [gr-qc/0104033].
[10] S. Kobayashi, K. Koyama and J. Soda, Phys. Lett. B
501, 157 (2001) [hep-th/0009160].
[11] J. Yokoyama and Y. Himemoto, Phys. Rev. D 64, 083511
(2001) [hep-ph/0103115].
[12] Y. Himemoto, “Dynamics of a 5-dimensional scalar field
and braneworld inflation,” Doctor thesis [unpublished].
[13] See, e.g., H. Bateman, Higher Transcendental Functions
Vol. 1 (reprint version), Ed. by A. Erdelyi (Krieger Pub-
lishing, Florida, 1981).
5
